In a nutshell: Error analysis of single-step methods

Given the initial-value problem (1vr)
Y (t)=f(ty (1))
y (to ) =Y

we would like to approximate the solution y(t) on the interval [to, ti]. We know that Euler’s, Heun’s and the 4"-order
Runge-Kutta methods are order h, h? and h*, respectively, and we can approximate the error starting with N steps as
follows:
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2. Use the method to approximate N values yo, Y1, Y2, ..., yn using h.
3. Use the same method to approximate 2N values Yo, z1, 22, ..., Zon USing %2h.

4. The error of zon as an estimate of y(t) is z,, —y,. Zan ;y“‘ and ZZNl; YN for these three methods,
respectively.

5. If the error is sufficiently small, then the best approximations are y(t, )~ 2z, -, . y(t)= 422k—3_yk and

y(t) zlezzlk—s_yk with k =1, ..., n for these three methods, respectively;

otherwise, halve h and return to Step 2, now using 2N and 4N points.



